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Quantum Gravity Correction to Dirac Equation via Vacuum Coupling Contribution
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Generalized Dirac equation containing vacuum-mass contribution is introduced. The vacuum-mass contribu-
tion arises due to the coupling of quantum mechanical matter field with the vacuum field. Vacuum stress energy
tensor arises in the Scalar-Tensor Field equation (Extended Einstein’s Field equation), implies a mass like cor-
rections to the newly formulated Dirac equation. Apart from the inertial mass of the electron, generalized Dirac
equation proposed here, contains a mass-term as a result of vacuum field coupling.
PACS numbers: 04.60.-m,03.65.-w,04.50.Kd
I. INTRODUCTION
Geometrical interpretations of quantum mechanics have at-
tracted much attention in recent years [1–4]. Dualities be-
tween quantum field theory and general relativity must results
from the more fundamental fact that quantum mechanics can
be formulated purely in-terms of geometry. Extending Mal-
dacena’s ER=EPR towards Susskind’s more general GR=QM
proposal is strongly suggesting that quantum theory must be
entirely based on geometry. One can also put-forward a cu-
rious question about the nature of the geometry of quantum
theory. Nottale had pointed out that the quantum theory natu-
rally arises from the the most general geometry of nature, the
fractal geometry [5, 6]. Due to the non-differentiable nature
of fractals, it is hard to find an extended version of differential
geometry incorporating fractal manifolds. One can use an in-
finite sum of smooth manifolds to approximate a fractal man-
ifold. It is already known that quantum-potential is associated
to the fractality of the space-time [5, 6]. In a more simplified
scenario, one can take into account the scale symmetry of frac-
tals on a differential manifold to incorporate the quantum me-
chanical nature of matter field and it will appear as an effective
theory. The fractal contributions can appear as a small cor-
rection to the smooth Riemannian manifold, hence Einstein’s
Gravitational field contribution must contain small quantum
mechanical corrections due to the micro-curvature or fractal-
ity of space-time; or in other words the conformal fluctuation
of the metric. In order to incorporate these micro-curvatures,
one needs to look into extended versions of Einstein’s the-
ory [1, 7–13]. Using the deBroglie-Bohm version of Quan-
tum theory [14–18], one can combine Quantum Theory with
General Theory of Relativity and reaches to a special class of
Scalar-Tensor Theory which is explored in [1, 3, 4, 19–21]
and this special class of Scalar-Tensor Theory is termed as
Bohmian-Quantum Gravity. It is to be noted that, aforemen-
tioned theory is just a classical field theory in its geometric
form; space-time is not quantized like in Canonical Quantum
Gravity [22] or like in Loop Quantum Gravity [23–25], grav-
ity is still treated as classical; space-time is continuous but the
quantum nature of matter field on a smooth manifold is the
main aspect of the theory. In the continuum limit of a sucess-
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full Quantum-Gravity theory, one should reproduce Bohmian
Quantum Gravity kind of theory. Exploring such an interest-
ing theory reveals an unexplored fluctuating backround field
λ which appears as the Lagrage multiplier in the theory. It is
already shown that quantum mechanical uncertainty relation
can be deduced from this fluctuating field λ [3]. It was Nel-
son who proposed a stochastic mechanics approach to quan-
tum mechanics [26]. In his approach, quantum particles are
driven by a kind of Browninanmotion resulting from quantum
fluctuation. Physical orgin of such a fluctuation is still myste-
rious. It was S. Roy who suggested that the random zero point
field induces the probabilistic aspect in the geometry of back-
ground space-time [27]. G. S. Asanov, S. P. Ponomarenko
and S. Roy derived four dimensional quantum mechical con-
formal factor using five-dimensional probabilistic Finsler met-
ric [28]. According to them, anymicroscopic system will have
stochastic behavior due to the presence of fluctuating vacuum
characterized by the probabilistic Finsler metric. According
to them, underlying Finsler manifold plays a great role to un-
derstand the quantum behavior in a consistent and complete
way. The nature of quantum fluctuations and its possible re-
lationship with the gravitational field is also explored by L.
Smolin [29]. Bohmian-Quantum gravity also hints towards
the idea that quantum particle might be immersed in some
kind of fluctuating vacuum field.
In Bohmian-Quantum Gravity, such a fluctuating vacuum
field appears from the unification of gravitation and quantum
mechanics using deBroglie-Bohm version of Quantum the-
ory [14–18]. For such a unification, one needs to take three
crucial steps, (a) Extend Einstein’s Tensor Theory to Scalar-
Tensor Theory (b) Accept the generalization of deBroglie-
Bohm picture of Quantum theory (Note that deBroglie-Bohm
theory is only linear order in quantum potentialQ) (c) Accept
the presence of a fluctuating vacuum field which appears as
the Lagrange multiplier in the theory. Taking all these factors
into account the following action is proposed [3, 4],
A[gµν ,Ω, S, ρ, λ] =
1
2κ
∫
d4x
√−g (RΩ2 − 6∇µΩ∇µΩ)
+
∫
d4x
√−g
( ρ
m
Ω2∇µS∇µS −mρΩ4
)
+
∫
d4x
√−gλ
[
lnΩ2 −
(
~
2
m2
∇µ∇µ√ρ√
ρ
)]
. (1)
2and Lagrange multiplier λ is identified as a scalar vacuum
field. It is already shown that, minimizing the action with re-
spect to ρ and S leads to real and imaginary parts of the Gen-
eralized Klein-Gordon Equation. It can be easily seen that the
real part of the Klein-Gordon Equation obeys the following
equation
∇µS∇µS −m2Ω2 + ~
2
2mΩ2
√
ρ
[

( λ√
ρ
)
− λ
√
ρ
ρ
]
= 0.
(2)
while the imaginary part gives the generalized continuity
equation
∇µ(ρΩ2∇µS) = 0. (3)
Combining these two equations (Eq. 2 and Eq. 3) into a single
complex wave equation, the generalized Klein-Gordon Equa-
tion can be obtained.
II. MODIFIED KLEIN-GORDON EQUATION TO
MODIFIED DIRAC EQUATION
Bohmian equation of motion and continuity equation (Eq. 2
and Eq. 3), without vacuum field contributions (taking λ = 0),
can be expressed in terms of the density ρ, classical action S,
and conformal factor Ω2 as already explored in the previous
works [1–4],
∇µS∇µS −m2Ω2 = 0 (4)
∇µ(ρΩ2∇µS) = 0. (5)
Here, Ω2 = exp( ~
2
m2
∇µ∇µ√ρ√
ρ ) = exp(Q), where Q =
~
2
m2
∇µ∇µ√ρ√
ρ , is the Klein-Gordon quantum potential.
One can combine Eq. 4 and Eq. 5 in order to obtain the
modified Klein-Gordon Equation. Hence the generalized
Klein-Gordon equation is given by,
φ+
1
2
∇µΩ2
Ω2
(∇µφ
φ
− ∇
µφ∗
φ∗
)
φ+
m2
~2
φ = 0 (6)
Using the fact that,
1
2
(∇µφ
φ
− ∇
µφ∗
φ∗
)
=
i
~
∇µS, (7)
Eq. 6 can be written as,
φ+
i
~
(∇µΩ2
Ω2
∇µS
)
φ+
m2
~2
φ = 0. (8)
The expression
∇µΩ2
Ω2 can be perceived as the quantum force
for an exponential constraint (Ω2 = eQ) of the conformal fac-
tor
∇µΩ2
Ω2 = ∇µ lnΩ2 = ∇µQ. Hence,
φ+
i
~
(
∇µQ∇µS
)
φ+
m2
~2
φ = 0. (9)
It is pretty straight forward to see that Eq. 4 and Eq. 5 can
give Eq. 9. In the usual Klein-Gordon equation, the continu-
ity equation is given by ∇µ(ρ∇µS) = 0 while the conformal
gravity action (see Eq. 1) generalizes the usual Klein-Gordon
continuity equation ∇µ(ρ∇µS) = 0 to ∇µ(ρΩ2∇µS) = 0
with an extra factor Ω2. Continuity equation is usually de-
rived from the imaginary part of the Klein-Gordon equation,
hence this extra contribution should appear either as the part
of ∇µφ or with a complex number times φ. Since the equa-
tion of motion (Eq. 4) didn’t get corrected by the conformal
gravity,ψ+m
2
~2
ψ remains the same. Due to the extra confor-
mal factor Ω2 in the continuity equation, an additional imag-
inary term appears as the conformal gravity correction to the
Klein-Gordon equation. One can see that the middle term
+ i
~
(
∇µQ∇µS
)
φ arises as a gravitational correction to the
Klein-Gordon equation and it is interesting to note that such
a correction appears as a dissipative contribution to the wave-
equation.
Here the aim is to further simplify Eq. 9, for that purpose,
one need to have a good understanding about the operator na-
ture of the quantum potentialQ. It is a matter of switching be-
tween quantum density formalism (Bohmian formalism ) and
wave-function formalism. After some simple algebra involv-
ing φ and
√
ρ, one finds an interesting relationship between
quantum potentialQ and scalar field φ. Starting from the very
basic relation, we get,
φ =
√
ρ exp
( i
~
S
)
(10)
∇µφ = ∇µ√ρ exp
( i
~
S
)
+
i
~
∇µS φ (11)(
∇µ − i
~
∇µS
)
φ = ∇µ√ρ exp
( i
~
S
)
. (12)
As a more general statement, it can be proven that f(∇µ)φ =
f
(+
Dµ√ρ
)
exp
(
i
~
S
)
where
+
Dµ = (∇µ + i~∇µS). One can
also define Dµ = (∇µ − i~∇µS) and the following operator
relationships are obtained,
f(
+
Dµ)√ρ√
ρ
=
f(∇µ)φ
φ
(13)
f(∇µ)√ρ√
ρ
=
f(Dµ)φ
φ
. (14)
These operator relationships are really useful to switch
between the quantum mechanical density ρ and the wave-
function φ formalism. Ignoring ~
2
m2 factor from the quantum
potential, define a new quantity Q˜ =

√
ρ√
ρ , one can explore
the operator correspondence. Rearranging Eq. 14 and consid-
ering operator∇µ∇µ, Eq. 15 can be deduced,(f(∇µ∇µ)√ρ√
ρ
)
φ = f(DµDµ)φ. (15)
3Equation 15 is just another statement of the exponential shift
theorem for the linear differential operators f(D)(eax
√
ρ) ≡
eaxf(D + a)
√
ρ. Applying Eq. 15, the quantity Q˜φ can be
seen as an operator acting on φ. Note that, in the Bohmian
perspective quantum potential Q is just a scalar function of√
ρ.
Q˜φ =
(

√
ρ√
ρ
)
φ = DµDµφ (16)
After a straight forward expansion of the expression Q˜φ =
0, it is found that the expression is equivalent to Eq. 9, once
the classical energy momentum relation ∇µS∇µS = m2 is
assumed. Hence the equation can be written in a more com-
pact form,
φ+
i
~
(
∇µQ∇µS
)
φ+
m2
~2
φ = 0 =⇒ DµDµφ = 0
(17)
This quantum gravity modified generalized Klein-Gordon
equation, looks like a massless equation in terms of the gauge
covariant derivativeDµ.
DµDµφ = 0, (18)
whereDµ = (∇µ− i~∇µS). Finding the Dirac equation from
Eq. 18 is straight forward and it is given by,
iγµDµΨ = 0, (19)
ExpandingDµ operator, the following equation is obtained,
(iγµ∇µ + 1
~
γµ∇µS)Ψ = 0, (20)
where γµ describe Dirac matrices and Ψ is a spinor field.
One can assign γµ∇µS = −mI4 to match it with the Dirac
equation
(i~γµ∇µ −m)Ψ = 0. (21)
One can make a curious observation that ∇µS looks like
electro-magnetic gauge connection Aµ, if ∇µS ∝ eAµ, even
the rest mass m can be seen as an electro-magnetic quantity
m ∝ eγµAµ. Note that, in the Dirac equation given in Eq.21,
rest massm is a function of space-time variables, hence∇µm
can give an imaginary contribution while squaring the Dirac
equation and it should match with the imaginary part appear-
ing the generalized Klein-Gordon equation given in Eq. 17.
One need to be aware that, squaring Eq.21 should be done
without using the conjugate of the complex differentialDµ to
re-obtain the Klein-Gordon Equation given in Eq.18.
In order to get the complete form of Eq.18, incorporating
an extra mass term, one needs to take into account the vac-
uum field λ contribution. So far we have dealt with the action
A, while ignoring the λ contribution (Eq. 1 with λ = 0). Con-
sidering only the conformal gravity correction a dissipative
term appears in Eq. 17, in order to balance the dissipation, one
must incorporate a forcing contribution in the equation. This
contribution naturally appears when we take into account the
quantum vacuum contribution arising from λ field.
III. GENERALIZED KLEIN-GORDON WITH EXTRA
MASS VIA LAGRANGE MULTIPLIER
Taking into account the λ contribution, as in the previous
case, two real field equation can be obtained
∇µS∇µS −m2Ω2 + ~
2
2mΩ2
√
ρ
[

( λ√
ρ
)
− λ
√
ρ
ρ
]
= 0.
(22)
∇µ(ρΩ2∇µS) = 0. (23)
Wave-function equation can be defined in the same manner
as before. After substituting Eq. 23 into Eq. 22, more general
wave-function equation coupled to the quantum vacuum can
be obtained,
DµDµφ−
[ 1
2mΩ2ρ
(
− 2m
2(1−Q)
~2
)
λ
]
φ = 0. (24)
The vacuum density λ obeys a first order differential equation
coupled to the density via
√
ρ
λ =
~
2
m2(1 −Q)∇µ
(
λ
∇µ√ρ√
ρ
)
(25)
Eq. 24 and Eq. 25 together yields, quantum gravity corrected
Klein-Gordon equation with vacuum contribution. From
Eq. 24 and Eq. 25, it can be seen that λ gives a mass like
contribution to the equation. Defining a vacuum mass contri-
butionM(λ, ρ) in the following way,[ 1
2mΩ2ρ
(
− 2m
2(1−Q)
~2
)
λ
]
φ = −M(λ, ρ)
2
~2
φ; (26)
Modified Klein-Gordon equation can be written as,(
DµDµ +
M(λ, ρ)2
~2
)
Φ = 0. (27)
Here the gravitationally corrected Klein-Gordon equation
written in terms of Dµ = (∇µ − i~∇µS) looks like the usual
Klein-Gordon equation (+m2/~2)Φ = 0.
IV. VACUUM CORRECTIONS TO DIRAC EQUATION
Its is already shown that the Quantum-Gravity Modified
Klein-Gordon equation can be written as,(
DµDµ + M(λ, ρ)
2
~2
)
Φ = 0. (28)
Now applying the Dirac’s technique of taking the square
root of the operator
(
DµDµ + M(λ, ρ)2
)
, the correspond-
ing gravity corrected fermionic equation can easily be found.
Corresponding modified Dirac equation is given by,
(
i~γµDµ −M(λ, ρ)
)
Ψ = 0. (29)
Expressing above equation in terms of the usual space-time
curvilinear ordinates∇µ,
4(
i~γµ∇µ + γµ∇µS −M(λ, ρ)
)
Ψ = 0. (30)
Taking γµ∇µS = −mI4, the usual Dirac equation is ob-
tained with an extra vacuum mass contributionM(λ, ρ),
(
i~γµ∇µ −m−M(λ, ρ)
)
Ψ = 0. (31)
λ =
~
2
m2(1−Q)∇µ
(
λ
∇µ√ρ√
ρ
)
(32)
HereΨ is the usual Dirac Spinor,M(λ, ρ) = ±
[(
m(1−Q)λ
ρ −
~
2
2mρλ
)]1/2
and ρ = Ψ¯Ψ. Here vacuum contribution should
obey an extra condition ∇µM(λ, ρ) = 0, to match it with
the generalized Klein-Gordon equation (Eq. 28). It is impor-
tant to notice that Eq. 32 is obtained from the Scalar-Tensor
Einstein equation and the scalar curvature equation, for a de-
tailed derivation see Ref. [3, 4]. In the case of the mass of the
particle or antiparticle,M(λ, ρ) can take positive or negative
values (it can also be complex). Hence there are four ways
to combine the rest mass of the particle with vacuum mass
M(λ, ρ) contribution. It is to be noted that the vacuum field
may affect the particle and anti-particle differently. In order
to get the Klein-Gordon equation one need to assign equal but
opposite vacuum mass contributionsM(λ, ρ) to particle and
antiparticle respectively.
Ψ¯
(
i~γµ∇µ +m+M(λ, ρ)
)
= 0 (33)
There exist another set of Dirac-equation for particle and
anti-particle by flipping the sign of M(λ, ρ), and they are
given by, (
i~γµ∇µ −m+M(λ, ρ)
)
Ψ = 0 (34)
Ψ¯
(
i~γµ∇µ +m−M(λ, ρ)
)
= 0 (35)
V. PROPOSAL FOR A NEUTRINO EQUATION
Takingm = 0, the neutrino equation can be proposed as,
(
i~γµ∇µ −M(λ, ρ)
)
Ψ = 0 (36)
Ψ¯
(
i~γµ∇µ +M(λ, ρ)
)
= 0 (37)
whereM(λ, ρ) = ± limm→0
(
m(1−Q)λ
ρ − ~
2
2mρλ
)1/2
.
λ = lim
m→0
~
2
m2(1 −Q)∇µ
(
λ
∇µ√ρ√
ρ
)
(38)
Its is to be noted that, even in the massless fermion case
(m = 0) the equations give a mass like contribution from
the vacuum interaction term M(λ, ρ) if the limiting quantity
is non-zero. This interesting mass contribution is not a con-
stant, but a function of vacuum field λ and quantum mechan-
ical density ρ. Hence it can be real or complex depending
upon the dynamical behavior of λ and ρ. Taking into account
quantum gravity correction, the extra term appears M(λ, ρ)
is no-longer a constant, in some specific scenarios it may be-
have like a constant. One can think about vacuum-mass as a
quantity depends on space-time coordinate and even the rest-
mass is a function of space-time coordinate. This implies an
interesting possibility that, we might be able to modify the
mass of an object by properly adjusting the vacuum interac-
tion. A.Sakharov had suggested that the gravitation might be
electromagnetic phenomenon induced by the presence of mat-
ter in the quantum vacuum [30]. In that perspective, grav-
ity cannot be considered as a fundamental interaction, it must
arise from the interaction of the matter field with the quantum
vacuum in the accelerating frames.
Bohmian quantum gravity reveals the nature of inertia in a
more interesting manner along the similar lines of thought as
introduced in the quantum vacuum inertia hypothesis [31].
It was H. E. Puthoff who suggested that the quantum vac-
uum might be responsible for inertia [32]. Later A. Rueda,
B. Haisch and H. E. Puthoff indicated that the origin of in-
ertial reaction forces can be explained as a zero-point field
Lorentz force [33]. It is proposed that the interaction of elec-
trically charged elementary particles with the vacuum electro-
magnetic zero-point field results into inertial forces. These
ideas needs to be understood in the usual quantum field the-
ory context. Results presented here will shed light on these
kinds of theoretical extensions of quantum field theory. In
the usual quantum field theory mass is just considered as a
constant while taking into account the quantum-gravity idea,
we need to extend the concept of mass from a constant to a
quantity which depends on the vacuum field variable λ and
quantummechanical probability density ρ. The vacuum inter-
action is not restricted to charged particles only, it can appear
for any matter and the interaction happens through the prob-
ability density ρ of the particle with the vacuum field λ. One
should distinguish the mass fluctuation due to the conformal
factor Ω2 and the vacuum mass contributions appears in the
theory through λ.
VI. CONCLUSION
In this manuscript, a more general Dirac equation is derived
using Bohmian Quantum Gravity consideration. It is found
that the Dirac equation contains an effective mass contribu-
tion arising from the vacuum. This vacuum mass term persist
even for massless fermions, hence the equation might be use-
ful to explain some of the mysterious properties of neutrinos.
Dirac equation is coupled with a scalar vacuum field equation
λ via the particle density Ψ¯Ψ. The appearance of vacuum-
mass term to be taken as an important feature arising from the
coupling of scalar vacuum field λ with fermionic matter field.
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